Uniformity for geometric codes over large extensions of Fq  by Ballico, E.
Finite Fields and Their Applications 17 (2011) 373–376Contents lists available at ScienceDirect
Finite Fields and Their Applications
www.elsevier.com/locate/ffa
Uniformity for geometric codes over large extensions of Fq
E. Ballico 1
Dept. of Mathematics, University of Trento, 38123 Povo (TN), Italy
a r t i c l e i n f o a b s t r a c t
Article history:
Received 23 August 2009
Revised 8 October 2010
Accepted 1 February 2011
Available online 10 February 2011
Communicated by James W.P. Hirschfeld
MSC:
14J60
14N05
Keywords:
Error-correcting code
Algebraic Geometry code
Vector bundle
For many codes deﬁned geometrically over Fq (e.g. coming from
a ﬁnite complete intersection or a vector bundle on a projective
variety) we prove the existence of an extension Fqe (no explicit
lower bound for e) such that the associated code over Fqe has a
strong uniformity property (all submatrices of a certain type have
the same rank).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Our starting point was a failed attempt to give good estimates for the set of all codewords with
Hamming weight   (any  > 0) for the codes coming from a complete intersection [6,4,5] or, more
generally, the codes constructed in [7] using rank n vector bundles on n-dimensional projective va-
rieties [7]. We only saw that after enlarging the base ﬁeld to some Fqe a “suﬃciently general” such
code over Fqe has a strong uniformity property, which implies strong restrictions for the patter of the
number of codeworks in balls for the Hamming distance. Since we have no control for the integer e,
this paper gives no explicit code, but it shows that for large ﬁelds many such codes exist.
We work over an algebraically closed ﬁeld K and only in the last part of Remark 1 we take
K = Fq . All varieties, vector bundles and line bundles are deﬁned over Fq . Since our constructions
are “geometric”, Algebraic Geometry teaches us that the codes constructed in this way are deﬁned
over a ﬁnite extension of the base ﬁeld. Hence we get the existence of many codes over a ﬁnite
ﬁeld, say Fqe , with a very strong uniformity condition (see Remark 1), but no control on the positive
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374 E. Ballico / Finite Fields and Their Applications 17 (2011) 373–376integer e. Let X be an integral projective variety deﬁned over K and R a vector bundle on X deﬁned
over K. We say that R is 0-good if and only if it is spanned. Fix an integer a > 0. We say that R is
a-good if and only if it is very ample and for a general S ⊂ Xreg such that (S) = a + 1 the restriction
map H0(X, R) → H0(S, R|S) ∼= Ka+1 is surjective. Notice that R is 1-good if and only if it is very
ample. If X is smooth and R is a-spanned in the sense of [1–3], then R is a-good. The notion of
a-spannedness is related to the notion of a-very-ampleness introduced in [7]. The usual deﬁnition of
a-very-ampleness is stronger [3]. Fix line bundles R,M, Ri , i  0, on X . It is easy to check (or see the
proof of [2, Lemma 0.5.3]) that if R is a-good and M is b-good, then R ⊗ M is (a + b)-good. Thus if
R0 is spanned and Ri , 1 i  3, are very ample, then
⊗3
i=0 Ri is 3-good. This is a useful criterion to
check 3-goodness in the statements of Theorem 1.
Theorem 1. Let K be an algebraically closed base ﬁeld. Let X be an integral n-dimensional variety, E a rank n
spanned vector bundle and L, R line bundles on X. Assume that R is 3-good. If cn(E ⊗ R) 24, then assume
that R is 5-good. Let s be a general section of H0(X, E ⊗ R) and Z := (σ )0 its scheme-theoretic zero-locus.
Then the following results hold.
(a) The scheme Z is ﬁnite and reduced;
(b) (Z) = cn(E ⊗ R);
(c) Z ⊂ Xreg;
(d) Z satisﬁes the following uniformity condition: for all A, B ⊂ Z such that (A) = (B) the restriction maps
ρL,A : H0(X, L) → H0(A, L|A) and ρL,B : H0(X, L) → H0(L|B) have the same rank.
The proof of Theorem 1 is an adaptation of [8] to our aims. The paper [8] essentially does the case
n = 1 in positive characteristic, the characteristic zero case being older.
Remark 1. Call C(L, Z) the evaluation code obtained evaluating H0(X, L) at all points of Z . It is
a linear code of type (α,β), where α is the rank of the linear map ρL,Z and β = min{α, (Z)}.
Theorem 1 says that C(L, Z) has the following very strong uniformity property: for all integers t such
that 1  t  (Z) any two submatrices of the matrix of C(L, Z) taking t columns and all lines have
the same rank. Now assume K = Fq and that X , R , and E are deﬁned over Fq . There is an integer
e  1 such that the section s of H0(X, E ⊗ R) is deﬁned over Fqe . Hence Z = (s)0 is deﬁned over Fqe
and C(L, Z) may be seen as a linear code over Fqe taking as its ambient vector space the Fqe -vector
space determined by the restriction to H0(X, L)(Fqe ) of the restriction map ρL,Z . The integer e may
depend on L, not just on E and R .
Remark 2. Take the set-up of Theorem 1. Since E is spanned and rank(E) = dim(X) = n, we have
cn(E ⊗ R) cn(R⊕n) (see step (i) of the proof of Lemma 2 below). The integer cn(R⊕n) is the top self-
intersection of R (often called the degree degR(X) of X with respect to the very ample line bundle R).
Hence it would be suﬃcient to assume that R is 3-good and degR(X)  25. The latter inequality is
almost alway satisﬁed. For instance, it is almost always satisﬁed if n  2, because if R ∼= A ⊗ B⊗a
with A a spanned line bundle, B a very ample line bundle and a  2, then degR(X)  an · degB(X).
Now assume n = 1. Hence E is a line bundle and cn(E⊗ R) is just the degree of the line bundle E⊗ R .
2. Proof of Theorem 1
In characteristic zero the following lemma is a weak form of a theorem of Bertini and it works for
a general element of H0(X, E), not only for a general element of H0(X, E ⊗ R). In arbitrary charac-
teristic we may only say that the zero-locus of a general section of H0(X, E) is zero-dimensional and
contained in Xreg .
Lemma 1. Let K be an algebraically closed base ﬁeld. Let X be an integral n-dimensional projective variety
(n 1), R a very ample line bundle on X and E a spanned vector bundle on X such that rank(E) = n. Let σ be
a general element of H0(X, E ⊗ R) and Z := (σ )0 the scheme-theoretic zero-locus of σ . Then Z is ﬁnite and
reduced, (Z) = cn(E ⊗ R) and Z ⊂ Xreg.
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it works for a general section of any spanned rank n vector bundle (see below a more involved
dimensional count). Let Γ be the set of all zero-dimensional schemes W ⊂ X such that length(W ) = 2
and Wred is a smooth point of X . Since in the deﬁnition of Γ we prescribed that Wred is a smooth
point of X , Γ is an integral and smooth quasi-projective variety of dimension 2n−1. Fix W ∈ Γ . Since
E is spanned and R is very ample, we easily see that the restriction map ρE⊗R,W : H0(X, E ⊗ R) →
E ⊗ R|W is surjective. Since E is a rank r vector bundle and length(W ) = 2, h0(W , E ⊗ R|W ) = 2n.
Hence the surjectivity of the restriction map ρE⊗R,W gives h0(X,IW ⊗ E ⊗ R) = h0(X, E ⊗ R) − 2n.
Since dim(Γ ) = 2n − 1 < 2n, the zero-locus Z of a general section of E ⊗ R contains no W ∈ Γ .
Since Zred is ﬁnite and contained in Xreg we get Z = Zreg . The deﬁnition of top Chern number gives
(Z) = cn(E ⊗ R). 
Lemma 2. Take K, X , R and E as in Lemma 1. Fix an integer a  1. Assume that R is a-good. Fix a general
S ⊂ Xreg such that (S) = a + 1. Then the following results hold.
(a) h0(X,IS ⊗ E ⊗ R) = h0(X, E ⊗ R) − (a + 1)n, i.e. the restriction map ρE⊗R,S : H0(X, E ⊗ R) →
H0(S, E ⊗ R) is surjective.
(b) There is σ ∈ H0(X, E ⊗ R) whose zero-locus Z := (σ )0 is zero-dimensional, reduced, and S ⊆ Z ⊂ Xreg.
Proof. Since rank(E ⊗ R) = n, the two assertions of part (a) are equivalent.
(i) The second assertion of part (a) is a part of the deﬁnition of a-goodness if E ∼= O⊗nX . In
the general case we just notice that the spannedness of E implies the existence of an injective
map j : O⊕nX → E whose cokernel has support disjoint from S . Composing ρE⊗R,S with the map
j∗ : H0(X,O⊕nX ) → H0(X, E) we see that the surjectivity of ρR⊕n,S implies the surjectivity of ρE⊗R,S .
(ii) Here we prove part (b). Let Ω denote a non-empty open subset of the symmetric prod-
uct Sa+1(Xreg) such that part (a) holds for every S ∈ Ω . Varying A ∈ Ω we see that the set of all
σ ∈ H0(X, E ⊗ R) such that (σ )0 is zero-dimensional and contains some A ∈ Ω is a non-empty open
subset of H0(X, E ⊗ R). Since H0(X, E ⊗ R) is an integral variety, the intersection of two non-empty
open subsets of it is non-empty. Hence the set of all σ ∈ H0(X, E ⊗ R) such that (σ )0 is zero-
dimensional, reduced, contained in Xreg and contains some A ∈ Ω is a non-empty open subset of
H0(X, E ⊗ R). Hence we get part (a) for a general S . 
Proof of Theorem 1. For any integral variety Y over K let K(Y ) denote its function ﬁeld. Set b :=
cn(E ⊗ R) and γ := h0(X, E ⊗ R).
Let M denote the set of all σ ∈ H0(X, E ⊗ R) such that (σ )0, is ﬁnite, reduced and contained in
Xreg . Obviously, M is a Zariski open subset of H0(X, E ⊗ R). Lemma 1 gives M = ∅. Let π : H0(X, E ⊗
R) \ {0} → P(H0(X, E ⊗ R)) be the projectivization map. Since (s)0 = (λs)0 for every s ∈ H0(X, E ⊗ R)
and every λ ∈ K \ {0}, the set N := π(M) is a non-empty open subset of P(H0(X, E ⊗ R)) and M =
π−1(N).
Let T ⊂ N × Xreg be the incidence correspondence, i.e. the set of all pairs (π(σ ), P ) such that
σ ∈ M and P ∈ (σ )0. Call π1 : T → N and π2 : T → Xreg . Since E ⊗ R is spanned, h0(X,IP ⊗ E ⊗ R) =
γ − n for all P ∈ X . Hence each ﬁber of π2 is an open subset of a projective space of dimension
γ − n − 1. Since π1 is dominant, there is a non-empty open subset U of Xreg such that π−12 (P ) = ∅
for all P ∈ U . Set T ′ := π−12 (U ) and set p1 := π1|T ′ and p2 := π2|T ′ . We just saw that each ﬁber
of p2 is a non-empty open subset of Pγ−n−1. Hence each ﬁber of p2 is integral and of dimension
γ − n− 1. Since U is integral, we get that T ′ is irreducible. The morphism p1 : T ′ → N is a dominant
and quasi-ﬁnite map between integral varieties. Hence p1 allows us to see K(T ′) as a ﬁnite extension
of K(N). This extension has degree b and it is separable (use that each (s)0, s ∈ M , is a reduced set
of b points). Call G the Galois group of the normalization of this extension of ﬁelds. The group G may
be seen as a subgroup G1 of a permutation group Sb (the group of all permutations of the ﬁrst b
integers). The case a = 3 of Lemma 2 says that G1 is 4-transitive. If b  24 we may apply the case
a = 5 of Lemma 2, because in this case we assumed that R is 5-good. Hence if b  24, the group G1
is 6-transitive. The classiﬁcation of all ﬁnite 3-transitive permutation groups (see [8, Theorem 2.4],
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or the full symmetric group Sb . Hence G1 is at least (b − 2)-transitive.
Now we ﬁx the line bundle L and pass from a generic element of N to a general element of N . Fix
an integer t such that 1 t  b− 1. Since H0(X, L) is ﬁxed, we get that for a general σ ∈ M , the rank
of each ρL,A is the same for all A ⊂ (σ )0 such that (A) = t if t  b−2. Now assume t = b−1 and ﬁx
B, B ′ ⊂ (σ )0 such that (B) = (B ′) = b− 1. We may apply the monodromy argument to (σ )0 \ B and
(σ )0 \ B ′ , because G1 is 1-transitive. Hence the linear maps ρL,B and ρL,B ′ have the same rank. 
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